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SMOOTH MAPS, PULLBACK PATH SPACES,
CONNECTIONS, AND TORSIONS

KUO-TSAI CHEN

ABSTRACT. By generalizing the local version of the usual differential geometric
notion of connections and that of torsions, a model for the pullback path space of a
smooth map is constructed from the induced map of the de Rham complexes. The
pullback path space serves not only as a homotopy fiber but also as a device
reflecting differentiable properties of the smooth map. Applications are discussed.

Let M and N be C* manifolds or, more generally, differentiable spaces. Let M
be connected with a base point x; and let P(M; -, x;) denote the space of smooth
paths of M ending at x,. In order to study a smooth map f: N — M, we associate
functorially to f the pullback space E, of the path fibration P(M; -, x,) > M
through the map f. In a heuristic sense, the path space of manifold expresses its
dynamics, and the pullback path space E, reflects the dynamics arising from the
smooth map f.

Let k denote either the real or the complex number field. The behavior of the
pullback space E, is investigated through an algebraic model K[Y;[X]] constructed,
under the assumption of simply-connectedness of M, as follows:

(a) Let X={X,.X,,...} be a basis of the graded reduced homology group
H,(M; k) with the degree suppressed by 1. We choose a “Hodge type” direct sum
decomposition of the de Rham complex A(M) and determine uniquely both a
differential 9 for the graded free associative algebra k[X] and a generalized
connection w for the product vector bundle k[ X] X M — M. With the differential
9, k[ X] becomes a d.g. (differential graded) algebra.

(b) Let Y = (Y,,Y,,...} be a basis for Hu(N; k), and let k[Y;[X]] denote the
free k[X]-module freely generated by Y. The de Rham complex A(N) is a
A(M)-module via the induced map f*: A(M)— A(N). Again, we choose a
“Hodge type” direct sum decomposition for A(N) and determine uniquely both a
generalized torsion ® and a differential d for k[Y;[X]], which now become a d.g.
right k[ X]-module.

It turns out that, under mild conditions, the algebraic model (k[Y;[X]],0)
provides the correct cohomology. Moreover, the connection w and the generalized
torsion ® give rise, through integration of differential forms, to a generalized
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transport, namely, a chain map

(0.1) Cu(E)) = k[¥: [X]]

from the smooth chain complex Cy(E,) to the algebraic model with an induced
homology isomorphism.

The mechanism of determining the differential 9 of the d.g. algebra k[ X] via the
de Rham complex A(M) consists of the connection w and a twisting cochain
condition (see [5]). The mechanism of determining the differential 9 and the
transport for the d.g. right k[ X]-module k[Y;[ X]] via the map f*: A(M) - A(N)
consists of a generalized torsion ® (called a canonical element) and a torsion
condition. In §§1-4, we explain the notions of connections, torsions, and transport
and how the twisting cochain condition and the torsion condition yield both the
differential and the transport (0.1).

A proof of Theorem 4.1 is given in §5. In §6, we establish the isomorphism
Hy(E; k) = Hy(k[Y;[X]]; k) in the case where both M and N are C* manifolds
with M simply connected.

This work is a continuation of previous works on the special case where N consists
of a single point. This means that E, becomes the smooth loop space of M and that
the model is the noncommutative formal power series algebra k[[ X]] (see [4, 5] and
Gugenheim [9]). In this case, Hain [11] gives an explicit relation between the model
(k[[ X]],9) and Sullivan’s minimal model.

From a pure homological-algebraic point of view, our model represents a
“concise” Eilenberg-Moore spectral sequence in a one-sided case. It is obtained by a
perturbation of the differential of the E! term. The reader is referred to the recent
work [18] of Tanré regarding other models of similar nature (see also [1, 8, 10,
12,-14, 16, 17, 19)). A distinctive feature of our approach here is the transport (0.1),
which provides a direct link between the geometric and algebraic aspects of the
method.

As in the author’s previous works, the symbol A is used to denote the de Rham
complex functor.

1. Formal power series connections. Let M be a C* manifold (or, more generally,
a differentiable space in the sense of [5]).

Let k be either the real or the complex number field. Let k[[ X']] be the algebra of
formal power series in the indeterminates X = { X}, X,,...}, which are noncom-
mutative. Each X, is assigned a nonnegative degree deg X, so that k[[X]] is
nonnegative graded.

Let A(M) denote the de Rham complex of C*® forms of M. Let J be the
automorphism of A(M) given by w = (-1)”w for every p-form w on M. Let A4 be
a differential graded subalgebra of A(M). Let A[[X]] be the noncommutative
formal power series ring of the indeterminates X with coefficients in A. Then the
exterior differential d and the operator J extend from A to A[[ X]] by acting on the
coefficients. By a k[[ X]]-valued connection on M (restricted to A), we mean an
element of A[[ X]] of the type

W= zw,.X,. + zwiniX/ + e
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where the coefficients are forms belonging to 4 with
degw, =1+ deg X;, degw,; =1+ deg X, X,,....

2. The transport. Associated to every k[[ X]]-valued connection w on M, there is a
transport

(2.1) T=1+fw+fww+---

which is an element of A(P(M))[[ X]]. For further details, see [4 and 5].
By a derivation 9 of k[[X]], we mean a graded linear endomorphism of degree -1
of k[[ X]] such that

(XX, -+ X,) = (X)X, --- X, +(-1)"* " X3(X, --- X,)
and
3(a0 + ZaiXi + Zainin + - ) = EaiaXi + zaua(XfX,-) + -

Each derivation of k[[ X]] extends to a derivation of A(M)[[ X]] (or A(P(M))[X]D.
Let p,, py:P(M)— M be the endpoint maps such that py(y)= y(0) and
P1(v) = y(1). Thus pfw and pfw are elements of A(P(M))[[ X]]. Theorem 3.3.1 of
[5] states:
Let w be a k[[X])-valued connection on M. If 9 is a derivation of k[[X]]
satisfying the twisting cochain condition

(2.2) 0w+ dw—JowAw=0,
then
(2.3) dT = 3T — pgw A T+ JT A plo.

EXAMPLE. Let w be an n-form on S” so that [¢.w =1, n> 1. Let X be an
indeterminate of degree n — 1. Take w = wX as a k[[ X]]-valued connection on S".
We have the transport

T=1+wa+fwa2+~--,

where [w, [ww,... are forms on the path space P(M) of respective degrees n — 1,
2(n—-1),....

Let C,(P(M)) denote the normalized smooth cubic chain complex of P(M).
Then there is a map

(2.4) Cu(P(8™)) = kl[X]]
through integration of the coefficients of 7.

Let us equip k[[X]] with the trivial differential 9 so that (X, X, --- X,) = 0.
Then the twisting cochain condition holds. We have dT = —pfw A T + JT A p}w.
The endpoint maps p, and p, restricted to the smooth loop space P(S"; x,;, x,) at a
base point x, are constant maps. Therefore, restricted to the loop space P(S”"; x;, x;),
we have dT = 0. This leads to the conclusion that the map (2.4) restricted to

Cu(P(S"; x4, x,)) is a chain map. It turns out that this chain map induces a
homology isomorphism H,(P(S"; x,, x,); k) = k[[ X]].
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3. The torsion condition. Denote by k[Y; [ X]] the free graded right k[[ X]]-module
on the generators Y = {Y,,Y,,...} with degY, > 0. A typical element of k[Y;[X]]
can be written as

;Yx(a,\ +Xay X, + Lay, XX + )
with the a’s belonging to k. A derivation 9 of k[[ X']] can be extended to a derivation
0 of k[Y;[X]] of degree —1 by assigning values to each 3Y,.

Let N be a C* manifold (or, more generally, a differentiable space), and let f:
N — M be a C* map. Let B be a subcomplex of the de Rham complex A(N) such
that (a) the inclusion induces an isomorphism H*(B) = Hpg(N) and (b) B is an
A-module via f*. Then B[Y;[X]] is well defined and is a right A[[ X]]-module. A
typical element of B[Y;[X]] can be written as

¢=ZYA(U}\+ZUAIXI+..‘)’ UA,U)\,v,...EB.
A

Let w be a k[[ X]]-valued connection and 9 a derivation of k[[ X]] so that the
twisting cochain condition (2.2) holds. Let d be extended to a derivation of
k[Y;[X]], and let

o = Z»YA(% + ZUMX,- + .- )
A

be an element of B[Y;[X]] such that degv,,; ..., = deg Y, X, X; - - - X,. We say that
the pair (®,0) satisfies the torsion condition (with respect to the map f and the
connection w) if

(3.1) 30 = dd — JD A [*o.

Observe that the r.h.s. can be taken as the torsion of ®.

Let x, be a point (or a finite set of points) of M. Denote by P(M; —, x,) the space
of C* paths ending at x; in M. Then P(M;—, x,) is a differentiable subspace of
P(M).

In order to see the role played by the torsion condition, we need to introduce the
space E, = {(y,v):y €N, y € P(M; -, xy), ¥(0) = y}. In other words, E, is the
pullback space in the pullback diagram

/
E - P(M; -, x,)
(32) ! L3 I po
N —f> M

where m,(y,v) =y, f(»,v)=17, and Po(y) = Y(0). The space E, is known as the
homotopy fiber of £, for E, is of the same homotopy type as the fiber in the case of
a fibration. Now the transport T is a formal power series in X with coefficients
being forms on P(M). In this section, we shall restrict the coefficients of T to the
space P(M; -, x,) so that T shall be taken as an element of A(P(M; —, x))[ X]]-
Then 7*® A f*T is a well-defined element of A( E/)Y;[X]] and gives rise to a
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linear map
(3.3) Cu(E;) = k[Y;[X]]

so that, for every smooth cube o of E;, 0 = [, 7P A f*T.

Let w be a k[[ X]]-valued connection, and 3 a derivation of k[[X]] so that the
twisting cochain condition (2.2) holds. Let the derivation d be further extended to a
derivation of k[Y;[X]]. If the condition

(3.4) (7@ A f*T) = d(m}® A F*T)

holds, then the Stokes formula implies that the boundary operator of the normalized
smooth cubic chain complex Cy(E,) and the derivation 9 of k[Y;[X]] are compati-
ble with the map (3.3). If 33 = 0, then (3.3) is a chain map.

LEMMA 3.1. If the pair (®,0) satisfies the torsion condition (3.1), then the condition
(3.4) holds.

PRrOOF. The restriction of the endpoint map p; to P(M; —, x;) is a constant map
so that pfw = 0. The formula (2.3) becomes

(3.5) dT = 3T — pw A T.
Using also the twisting cochain condition (2.2), we have
3(mr® A f*T) = m}d® A f*T + 7#(J®) A f*T
= a#(d® — J® A f*0) Af*T + 7*(J®) A f*(dT + pge A T).
Hence (3.4) follows from the commutativity fm, = p, f.

4. The canonical element. The main objective of this paper is to study a C* map
f: N = M. Just for the sake of simplicity, let us assume that the homology groups of
M and N over k are finite dimensional. Related to this map f, a few constructions
are given as follows:

(I) Let [z,]},...,[z,,] be a basis for the reduced homology group H,(M; k). Let
X ={X,....X, ) be indeterminates so deg X; = -1 + deg[z;]. Thus k[[ X]] can be
taken as the completion of the graded tensor algebra on the graded vector space
V = s~'H,(M; k) obtained from H,(M; k) through depressing the degree by 1.

(I) Let Y = (Y,,...,Y,} be a basis of Hy(N; k). Then we have k[Y;[X]], which
is the free right k[[ X]]-module generated by H,(N; k).

(IIT) Let A be a differential graded subalgebra of A(M) and B a subcomplex of
A(N) such that the inclusions 4 C A(M) and B C A(N) respectively induce
isomorphisms in cohomology. Assume, moreover, B A f*4 C B.

(IV) We choose a direct sum decomposition.

(4.1A) A=H,®C,®dA

into graded subspaces, where H, consists of closed elements such that the inclusion
H, c A induces an isomorphism H, = H*(A). It follows that C, consists of
nonclosed elements and dC, = dA. Similarly, we choose a direct sum decomposition

(4.1B) B=Hye Cy® dB.
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The decompositions (4.1A) and (4.1B) will be referred to as the respective Hodge
type decompositions of 4 and B.

Theorem 1.3.1 of [4] asserts that, with respect to every Hodge type decomposition
(4.1A), there exists a unique pair (w, ) satisfying the following conditions:

(a) @ =Xw, X, + Iw, X,X; + --- is a k[[ X]]-valued connection on M restricted
to 4 such that w,...,w, € H, and their cohomology classes [w,],...,[w,,] form a
basis dual to the homology basis {[z,],...,[z,]}. Moreover, w, ,w, 4,... € C,.

(b) 3 is a derivation of k[[ X]] such that the twisting cochain condition (2.2) holds
and 99 = 0.

ReEMARK. Though Theorem 1.3.1 of [4] is stated for the case of A = A(M), its
proof is valid for any A as described above.

THEOREM 4.1. Given the constructions (1)-(IV) as above, there exists a unique pair
(®,9), where 3 is a derivation of k|Y; [ X]] compatible with that of k[[ X]], and

® = ZYA(UA + ZUMX,' + ZUM/‘X,‘Xj 4o )
A i i

is an element of B[Y; [ X]] satisfying the following conditions:
(a) vy € Hp and vy, vy;;,... € Cp with

degvy;; ..\ = deg(YAXiX/ X))

®) {[v1],-...[v]} is a basis of HEz (N) dual to the basis {Y,,...,Y,} of H(N; k).
(c) The pair (®,9) satisfies the torsion condition (3.1). Moreover 90 = 0.

We shall call (®,9) the canonical pair and @ the canonical element of the C*
map f: N — M with respect to the Hodge type decompositions (4.1A) and (4.1B).

The topological significance of the differential 9 is that, under reasonable condi-
tions, H(k[Y;[X]],d) coincides with H,(E,; k) provided M is simply connected.
More precisely, the complex (k[Y;[X]],d) has a natural filtration and gives rise to a
spectral sequence, which is the Eilenberg-Moore spectral sequence. For details, see
§8.

The next two examples seem to indicate that the canonical element ® may have
analytic significance.

EXAMPLE 1. Let M and N be compact Riemannian manifolds. Write 4 = A(M)
and B = A(N). There are canonical Hodge decompositions of 4 and B such that
H, and Hj are the respective spaces of harmonic forms on M and N. For every C*
map f: N — M, there is a unique pair (®,, ). The canonical element

&=L 1(on(/) + Zoa () X+ )
is an invariant of the mapping space C*(M, N).
ExAMPLE 2. Let us consider a C* map
f: N=R" > S§",
where S” is taken as a Riemannian manifold.
According to step (I), we have a single indeterminate X of degree n — 1. In step

(I1), H (R™:k) is generated by a single element Y of degree 0. In step (III), let
A = A(S™) and B = A(R™). Take any Hodge type decompositions (4.1A) and
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(4.1B). Then Hy =k and H, has a basis {1,w} where w is an n-form with
fg»w = 1. Let the pair (w,d) be such that w = wX and 0 is a trivial differential.
Then conditions of step (IV) hold. According to Theorem 4.1, there is a unique pair
(®,9) with

=Y+, X+0,X*+ ), degV=i(n—1),

so that 0@ = d® — J® A f*w.
If we let 9 be the trivial differential of k[Y;[X]] and let v, € Cy be recursively
determined by the condition

dl)i _ (_1)i(pr—l)vi_l /\f*w, i> 1’

then the pair (®, 9) will meet the requirement and is uniquely determined.

Let / be the largest integer such that v, # 0. Then / is an invariant of the C* map
f. which depends only on the choice of the Riemannian metric for S and that of the
Hodge type decomposition for A(R™).

Finally we observe that the usual proof for the Poincaré lemma for R™ is based on
a deformation F:R™ X I - R™ given by (x,t)+ tx. This induces a cochain
homotopy [r: B — B of degree -1 such that, for every p-form u on R™, p >0,
u = [pdu + dfp u. This means that, if the euclidean structure and the origin of R™
are given, then there is a canonical Hodge type decomposition of B with Hy = k
and Cy = [ dB.

5. Proof of Theorem 4.1. Let ¥ € B[Y;[ X]]. Given s > 0, let [¥], denote the sum
of all terms of the type Y, X; --- X, of ¥, and set

(s) [\I']0+[‘I']1 o +[‘I']x

which is obtained from ¥ by truncating terms of all Y, X; --- X, withr > s.

According to Theorem 1.3.1 of [4], the Hodge type decomposmon (4.1A) yields a
unique pair (w,d) as described before. In order to extend the derivation d of the
graded algebra k[[X]] to that of k[Y;[X]] as a graded right k[[ X]]-module, it
suffices to specify values of each dY.

We are going to inductively construct a sequence (®,,,,d,) on s > 0 satisfying the
following conditions:

@ @, =Y, + Loy, .. hX, -+ X, with ®_,, = 0 where each v,;
form on N of degree equal to deg(Y, X; --- X, ).

(b) 9, is a derivation of k[Y;[X]] compatible with the derivation 9 of k[[ X]] such
that

i isa

9, Y, =0, + Zb‘(“}‘l)l‘x X

with d_,Y, = 0 and the coefficients b)), € k.
(¢) The condition

(5.1), (0.2, — d®, +JD ) A f*0),,, =0

holds.
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We first observe that the above conditions imply
(5.2) (30.2,,,) 0.

(s+1)

In fact,

(axaxq)(s))(sﬂ) = (ax(dcb(ﬂ - 'Iq)(x) A f*w))(wl)
= (d(3,)) = Ja.D) A f*0 — @) A f*0)

(s+1)

I

(d(d®,, = I, A f*0) = J(dBy, — IB ) A f*0)
Af*6 = B =@, A f*(~do + Jo A @),

= 0.

Let J” denote the totality of elements ¥ of B[Y;[X]] such that

[¥]o=[¥]= - =[¥],.,=0.
It is clear that, for every element ¥ € X%, 9.0 = 9, _,¥ mod J"**'.
Our problem is to construct, by induction on s, the forms v,, .., and the

coefficients b{}) . Observe that ®,, = L v,Y, and

as(q)(x) - (I)(O)) = ax~l(q)(.\'-—1) - (I)(O)) mOd ?3,54—1-

Moreover,
(Jq)m /\f*“’)m = (Jq)(s—l) Af*“’)(x)-
Thus (5.1) yields '
(5.3), Y by o —doy, )X, - X, =R,
where iy, ., =Lb{)) v, and
R, =(=8,_,@, ) +dP, ;, —JO, ) Af*),,

It remains to solve the equation (5.3), for 4, ..., € Hp and v,; ...; € Cp. Accord-
ing to the induction hypothesis, R is known, and R, = 0 mod " so that

Rs = Zrkll ~~-i‘Y)\Xi1 e X

Also,

dR,= -3,_,d®,_,, +(Jd®,_,)) Af*0 — &, ) Af*dw modJ"*!
“01d®y +(Ja->'~1®(s—1) + O, A Jf*w) Af*w
- ®,_,,Af*dw mod X!

-9, ,d®, +(J9,_ B, 1) Af*0+ B ADdf*o mod s+l

-3, ,d®,_,,+98,_,(JO,_,,Af*) mod !

— ~ors+l
= 0,10, 1%y, modJ

=0 modJ""".
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This means that each form r,, ..., is closed and belongs to Hy ® dB = Hy ® dCj.

Hence the theorem is proved.
6. Topological justification. This section contains a proof of the next result.
THEOREM 6.1. Let M and N be C® manifolds having finite Betti numbers, and let M
be simply connected. Then the chain map (3.3) induces an isomorphism
(6.1) Hy(Ey; k) = Ho(k[Y:[X]]).
As in §4.2 of [6], we use A} to denote the subcomplex of A(E,) spanned by all
elements of the type 7*v A f* A [w] -+ w/ with v € A(N) and wy,...,w/ € 4,
> 0. Let B(A) denote the reduced bar construction of A (in the usual sense under

the conditions: A% = k and 4! N dA°(M) = 0 and, otherwise, in a slightly modified
sense as in [13]). Then there is an isomorphism

A(N)® B(A) =
such that v ® [w]| - |[w/]— 70 A f*/w] - w/, where A(N) ® B(A) is just the
one-sided bar construction B(A(N )|A|k) with A(N ) taken as a differential graded
A-module via the map 4 € A(M) —» A(N). Theorem 0.1 of [6] (Theorem 4.3.1 of
[5]) implies that there is an isomorphism H*(A4}) = H*(E, k) through integration.
The dual of the chain map (3.3) has a factorization
Hom, (k[Y;[X]], k) > 4, - Hom,(Cu(E,), k)

given by
o h(ap@ AfoT) > [ h(72@ A F*T),

where the linear functional 4 on k[Y;[X]] is extended to B[Y;[X]], and the integral
Jh(mr® A f*T) is taken to be a smooth cochain. It follows from (3.4) that 7 is a
cochain map. In fact

78h = h(3(7® A f*T)) = drh.

It remains to show that.r induces an isomorphism
(6.2) H*(k[Y;[Xx]]) = H*(4)).

This will be verified through spectral sequences.

The chain complex k[Y;[X]], which may be taken as a subcomplex of B[Y;[X]],
has a descending filtration {J"} with " = k[Y;[X]] N I The resulting spectral
sequence { E"} is such that

= H,(N; k) ®(®7s'H,(M; k)),
where the graded group s 'Hy(M;k) is obtained from H,(M;k) by replacing
Hy(M; k) with 0 and then depressing the degree by 1. The dual cochain complex
Hom  (k[Y;[X]), k) has an ascending filtration, whose resulting spectral sequence
{ E,} is such that
Ep = H*(N; k) ® (@ s *H*(M; k)),
where the graded group s 'H*(M; k) is dual to s 'H,(M; k).
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The complex A4;= A(N)® B(A) has an ascending filtration {347} whose
resulting spectral sequence { E, } is such that
Ef = Hgx(N) ® (® s 'Hig (M)).

Now we are going to verify that the map 7 preserves filtration. Let {x,; ..., } be
the basis of the graded space Hom (k[Y;[X]], k) dual to the basis { Y, X, -- . X}
of k[Y;[X]]. Let {J¥*} be the filtration of Hom, (k[Y;[X]], k). Then J* has a
basis consisting of all x,, ...,, s > r. Recall that

W= ZW.'X,"" Zw,jX,.Xj+

and

T=1+fw+/ww+-~

=1+ Z/wiX,.+ Z(/w,wj+fw,j)Xin+
We make the identification 4;= A(N)® B(A4) and write v ® [wj|--- |w/]=
v[w{|--- |w/]. Then
70 A f*T= ZY)‘(W/*U)\ + wa*v,‘iXi + .- ) A f*T
= Yol 1%+ X(odw] +o)hX

+ E(U)\([Wile] +[Wij]) + UA.'[W,'] + UM,‘)YAX:‘X,’ + -

Since 3’4} is spanned by all v[w| - - - |w/], s < r, we have
r(xy) =0\ 1. t(xy)=uvwl+oul 1= va[w,] mod %114//’

and, in general,

T(x)\i, 1) = UA[W:',| T lwi,] mod F'A;.
Clearly T preserves filtration and, moreover, induces an isomorphism 13"1 =E,.

The spectral sequences {E,} and {E,} converge respectively to H*(k[Y;[X]])
and H*(A}). Hence we have the isomorphism (6.2), and the theorem is proved.
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